Stochastic systems consisting of a very large number of independent elementary processes of the same kind, especially the radioactive decay, are considered as quantum clocks. By adapting the framework of the previously introduced concept of ideal quantum clocks, the time operator for these systems is derived and discussed.
Introduction
The concept [1] of an "ideal quantum clock" (IQC) uses an operational definition of time where time arises from the dynamics of physics. Accordingly, each IQC C is a physical process, governed by a Hamiltonian H C and the corresponding "Schrödinger curve" φ C (t) = exp(-itH C )φ C (0). It is assumed that an infinite set of equidistant time points τ n := nτ, nℤ, exists so that the φ C (τ n ) are pairwise orthonormal in their state space s C whose basic elements are those φ C (τ n ). The space s C itself is no Hilbert space but dense in a Hilbert space. The time operator T C of the IQC-concept uses the nonvanishing components of φ C (t) with respect to the φ C (τ n ).
T C proves to be canonically conjugated to H C so that the time-energy relation holds.
The clicks of the IQC are the τ n . While an IQC uses equidistant time points τ n in a strictly periodic system, a series of random events of a stochastic system seems to be completely opposite to the IQC-concept at the first glance.
A stochastic system consists of a very large number M of elementary processes of the same kind. Each individual elementary process randomly falls from a state A into a state B. The probability that any process, which is at the time t 0 in A falls within the time interval dt about a time point t with t > t 0 into B, is given by
where > 0 describes the vehemence of the decay. The time points t n of the decays are not equidistant. The expectation value of the distance of two neighboring time points t n is given by It is assumed, that exactly one decay, characterized by t n , lies in each of these intervals. Instead of using the decay time points t n , whose distribution corresponds to a Poisson statistic, the intervals J n are used as the clicks of the quantum clock.
The use of the J n together with average values of certain physical quantities over these intervals will allow the adaption of the IQC-framework also to stochastic systems and thus the analysis of stochastic devices as quantum clocks.
Stochastic systems
Summarizing, one has now τ:= τ 0 /M, with τ 0 : = 1/ , the equidistant time points τ n := nτ, with -N ≤ n ≤ +N, M = 2N + 1, and the intervals J n .
The probability (01) that any process, which is at the time 0 in A falls within the time interval τ about τ n with τ n > 0 into B, is given by
According to the IQC-concept it is now assumed that the whole system has a
Schrödinger curve φ C (t) in a suitable state space, which regulates the time evolution despite the stochastic character of the processes. These φ C (t), which can at most be specified for particularly simple systems, are not used anywhere concretely, but serve only to identify certain terms, especially transition probabilities.
The transition probability of the whole system from t = 0 to τ n > 0 is now given by
The corresponding transition probability
) describes the transition from t = 0 into the interval J n , i.e. an average value. Therefore it suggests itself to replace |<φ C (0)| φ C (τ n )| 2 by its average value over J n . At first it is therefore assumed that
Prerequisite so far was τ n > 0. However, the following applies
so that now the sign of τ n can be set without restriction (-N ≤ n ≤ +N).
Summarizing it is decided:
The factor ½ in (05) guarantees the norm (06). Because of the very large M it can be summed from -∞ to +∞.
Transition to the IQC-concept
In the IQC-concept the C-characteristic functions c kn (u) play a decisive role. They are defined by
As a result of (05) and especially for t = 0 we assume in summary that
where -N ≤ n ≤+N und M = 2N + 1.
In the IQC-concept the time operator T C is given by the matrix
The expectation value of T C at t = 0 is then <φ C (0)|T C |φ C (0)> = C 00 = τ exp(
More generally one gets as a consequence of (06)
Thus T C has the correct expectation values in the approximation used here.
The standard deviation
The variance of T C in the state φ C (0) is
This term from the IQC-concept is too sophisticated for the approach introduced here. Therefore one has to look for an appropriate coarsening of it. The term should be simplified in such a way that only probabilities occur that can be replaced by (05). This is only possible if m = n = k is set, but the summation over k is maintained.
This results in 
The sum is the second derivative of a geometric series and yields
for very large M so that the standard deviation is 
